I study the agent's optimal consumption-saving and portfolio choice decisions when he cannot fully insure his income shocks and does not know his income growth rate. I show that the agent rationally saves for precaution against the risk of estimating his income growth, in addition to his standard precautionary saving demand induced by income volatility. I then extend the analysis to allow for the agent's unknown growth rate to be stochastic. Finally, I generalize the model to allow the agent to trade risky assets to hedge against both his income risk and estimation risk. A more volatile and noisier underlying income process gives rise to a less volatile belief updating process. Hence, estimation risk (due to stochastic belief updating) is lower, and the implied hedging demand against estimation risk is smaller. The agent's total hedging demand is thus non-monotonic in his income volatility because estimation risk decreases with income volatility, ceteris paribus.
Introduction
Two fundamental insights in the consumption-saving literature are consumption smoothing over time and precautionary saving for future undesirable contingencies. 1 The permanent-income hypothesis indicates that the growth rate and the persistence of the income process have the first-order effect on consumption smoothing over time: A larger income growth rate implies a higher current consumption, ceteris paribus. Modern precautionary saving literature argues that income volatility also has an important effect on the agent's consumption-saving decisions.
Almost all papers in the consumption literature assume that the agent has complete information about the structural parameters of the income process such as income growth and volatility.
This assumption is to some extent made for modeling convenience.
Casual observations suggest that few agents know his earnings potential and his income growth rate, particularly at his earlier life stages. The agent enters the labor market with a given prior belief about his future earnings potential and updates his belief about his income growth over time based on his realized incomes. Since Bayesian learning about his income growth rate inevitably induces uncertainty, we naturally expect that the estimation risk shall affect the rational agent's consumption-saving decisions. By estimation risk, I mean the uncertainty in estimating the income growth rate, based on the history of his incomes. Motivated by the potential importance of the learning effect, I incorporate the agent's incomplete information about his income growth rate into an inter-temporal optimization framework.
In order to capture the effect of unknown income growth on the agent's precautionary saving demand in a simplest possible setting, I assume that (i) the agent has constant-absolute-riskaverse (CARA) utility and (ii) a conditionally homoskedastic unit-root income process as in Caballero (1991) . Unlike Caballero (1991) , I allow for the income growth rate to be unknown to the agent. The unknown constant growth rate may either be high or low. The agent only observes his income. Therefore, the agent needs to solve his optimal consumption decision when he does not know his income growth rate. I decompose the agent's optimal consumption problem into two steps: (i) to use the Bayes rule to estimate his unobserved income growth rate and (ii) to derive his optimal consumption plan, using wealth, income and belief about his income growth 1 rate as state variables. The CARA-utility-based model is able to capture the precautionary motive in an analytically tractable way. Caballero (1990 Caballero ( , 1991 , Kimball and Mankiw (1989) , Merton (1971) , Svensson and Werner (1993) , Davis and Willen (2000) , and Wang (2005) have all adopted CARA utility and derived closed-form consumption rules with uninsurable labor income shocks in various settings. The assumption of a conditionally homoskedastic labor income process substantially simplifies the derivation of the agent's learning about his income growth rate (drift), without losing the essential economic insight.
The key result is that learning induces additional precautionary saving, which is timevarying and concave in his belief. When the agent starts off with complete information about his income growth rate, then there is no belief updating. As a result, there is no estimation risk and hence no learning induced precautionary saving. When the agent is uncertain about his income growth rate, his belief will be updated over time. In this case, he faces estimation risk and hence has additional precautionary saving. His consumption behavior in the interior regions and at the boundary of his belief suggests that learning induced precautionary saving is concave in the agent's belief. When I extend the model to the setting with unknown stochastic growth, the agent's belief process then has an expected change component (non-zero drift) in addition to the unexpected change component (diffusion). Even when the agent has complete information about his income growth rate, his belief is predicted to change in a locally deterministic way due to the stochastic nature of the growth rate, unlike the case with an unknown constant growth rate. In summary, unknown stochastic growth matters for consumption by affecting both (i) the present discounted value of expected future labor incomes and(ii) the precautionary saving demand associated with the uncertain aspect of the income growth.
For the convenience of illustrating economic intuition, I have so far followed the consumption literature to assume that the agent can only invest in the risk-free asset. In order to understand the role of hedging on consumption-saving decisions, I further generalize the model to allow the agent to invest in a risky asset, say the market portfolio. I show that the agent's hedging demand has both the standard income volatility induced component and the unknown stochastic income growth risk component. The first component of the hedging demand is higher when the agent's income stream is more volatile, a standard result. The unknown income growth also induces a hedging demand, which is stochastic and depends on his time-varying belief. For a given fixed spread between the two possible levels of income growth rates, estimation risk decreases with 2 income volatility. This seemingly counter-intuitive result may be explained as follows. Past incomes from a more volatile and noisier income process provide less information about the unknown income growth rate. Hence, the agent updates his belief less in response to shocks constructed from the more volatile income process. As a result, estimation risk is smaller when the underlying income process is more volatile. The hedging demand with respect to estimation risk is thus lower for more volatile income. In summary, while the standard precautionary saving increases with income volatility, estimation risk induced precautionary saving decreases in income volatility. The net effect of income volatility on hedging demand depends on the relative magnitude of the two components for the hedging demand.
It is also worth noting that the hedging demand affects consumption in several ways. On one hand, hedging lowers the idiosyncratic volatility of the income volatility risk and the estimation risk, and hence raises the agent's consumption by reducing the precautionary saving demand induced by idiosyncratic shocks. On the other hand, hedging demand leads to either a long or a short position in the risky asset depending on whether the correlation between the risky asset and the labor income is negative or positive (in addition to the standard mean-variance term as in Merton (1971) ). A long or short position on the underlying asset has an impact on the agent's wealth accumulation and hence consumption. This paper is closely related to the incomplete markets consumption-saving models with incomplete information. Earlier papers that explore the role of partially observed and uninsurable income on consumption include Goodfriend (1992) , Pischke (1995) , and a collection of papers in Hansen and Sargent (1991) . All these studies postulate that the agent faces both persistent and transitory components of income shocks, but only observes his total income. In all these papers, the agent's consumption rule is assumed to be the certainty equivalence based PIH rule of Friedman (1957) . The PIH excludes any possible effect of estimation risk on consumption, because the PIH rule specifies that the consumption rule is a function of only the first moment of income, and hence assumes away any precautionary motive.
Building on the above mentioned certainty equivalence based consumption models with incomplete information, Wang (2004) incorporates the agent's precautionary saving motive into a standard incomplete markets consumption-saving model where the agent's income is subject to two income shocks with different degrees of persistence and volatility, but he only observes his total income instead of individual components. Wang (2004) derives closed-form 3 solutions for the optimal consumption and analyzes the agent's precautionary saving demand due to estimation risk. This paper differs from Wang (2004) in the following five aspects: (i) the model's structural parameter (income growth) is unknown to the agent in in this paper, but is known to the agent in Wang (2004) ; (ii) learning has implications on both the expected change of and the volatility of the agent's income in this paper, but only affects income volatility in Wang (2004) ; (iii) the conditional variance of learning dynamics is stochastic in this paper, but is deterministic in Wang (2004) ; (iv) learning induced precautionary saving demand is stochastic and dependent on the agent's belief in this paper, but is deterministic in Wang (2004) ; and (v) this paper analyzes both consumption and portfolio decisions, while Wang (2004) studies exclusively consumption.
In a related paper on the persistence of the income process, Guvenen (2005) solves for the agent's consumption rule numerically, when the agent does not know his income profile such as the constant growth rate. In addition to the case with a constant unknown growth rate, I also analyze the consumption and asset allocation decisions under unobservable stochastic growth. Unlike the setting with constant growth, stochastic growth introduces a non-zero belief updating term in the learning process and hence affects consumption and saving in a fundamental way. While both Guvenen (2005) and Wang (2004) focus on the effects of learning in settings with risk-free assets only, this paper also studies the hedging demand with respect to the estimation risk. Moreover, I show that opportunities to invest in the risky assets affect the agent's consumption and saving via both the diversification of the agent's income risk and estimation risk, and the expected enhancement of the agent's wealth.
Finally, this paper also links to the portfolio choice literature with labor income. Svensson and Werner (1993) , Duffie et al. (1997) , Koo (1998) , Heaton and Lucas (2000) , Davis and Willen (2000) , Viceira (2001) have all analyzed portfolio choice problems when the agent has complete information about his stochastic uninsurable labor income. 2 This paper analyzes the agent's hedging demand when the agent faces estimation uncertainty of the income growth rate. Gennotte (1986) , Brennan (1998) , Barberis (2000) , and Xia (2001) study the optimal asset allocation when the agent has incomplete information about his investment opportunities, such as the dividend growth rate or the expected stock return. 3 This paper adds to this learning-based portfolio choice literature by analyzing the effects of the agent's learning about his own income process on his consumption and portfolio choice problems.
The remainder of the paper is organized as follows. Section 2 describes the model setup and Section 3 presents the benchmark model with a known income growth rate. Section 4 derives the optimal consumption rule when the agent does not know his income growth rate. Section 5 quantifies the precautionary saving demand due to estimation risk. Section 6 extends the model of Section 5 to allow for the agent's income growth rate to be stochastic. In Section 7, I generalize the model of Section 6 to analyze the role of hedging on consumption. Section 8 concludes. Appendices supply details for proofs of key results in the paper.
Model Setup
Consider a standard self insurance problem. An infinitely-lived agent receives an exogenously given perpetual stream of stochastic income y. He may borrow and lend at a constant risk-free interest rate r > 0. There exist no other financial assets, hence markets are incomplete with respect to income uncertainty. For technical convenience, I cast the model in continuous time.
The objective of this paper is to study the effect of learning about unobservable income growth rate on the agent's optimal consumption-saving decisions. In order to deliver the economic intuition in the most convenient way, I will intentionally choose some model ingredients that allow me to simplify the solutions.
On the preference side, I assume that the agent is endowed with CARA utility. That is, the agent has the following expected utility function:
where β > 0 is his subjective discount rate and γ > 0 is the coefficient of absolute risk aversion (u(c) = −e −γc /γ). It is well known that CARA utility gives much tractability in deriving the optimal consumption rule because CARA utility ignores the wealth effect. Merton (1971) , Kimball and Mankiw (1989) , Caballero (1990) , Svensson and Werner (1993) , Davis and Willen (2000) , and Wang (2005) have all adopted CARA utility in analyzing the agent's consumptionsaving decisions under incomplete markets with different income process specifications. For expositional simplicity, I set β equal to the risk-free interest rate. 4 For any exogenously endowed 4 The analysis can be extended to allow for β = r. For example, the agent consumes more, ceteris paribus if 5 stochastic income process y, the agent's wealth evolves as follows:
where rx is the interest income and the net saving rate s is then given by s = rx + y − c.
Turn to the income process y. I assume that that the agent's income is given by:
where Z is a standard Brownian motion process. The drift parameter α measures the expected change of income per unit of time. For the convenience of discussing economic implications, I refer α as the growth rate. 5 The parameter σ gives the conditional volatility of the income change over an incremental unit of time. The discrete time counterpart of the agent's income process (3) is the following unit-root process
where t+1 = Z t+1 − Z t is time-(t + 1) innovation drawn from the standard normal distribution. The above unit-root process has been widely used to model income dynamics. 6 In the precautionary saving literature, Caballero (1991) uses the above unit-root process to model the agent's labor-income process and derives a closed-form consumption rule.
To link income to consumption, it is often useful to construct a stock-based variable for income y, a flow variable. This is the key insight behind Friedman's permanent income hypothesis. I follow Friedman (1957) and Hall (1978) to define human wealth as the expected present value of future labor income discounted at the risk-free interest rate r, in that
where F t is the agent's information set at time t. To ensure that human wealth is finite, I
assume that the constant interest rate is positive (r > 0). This definition of human wealth β > r. Since there is no additional insights beyond this well known results, I assume β = r from now on. 5 Technically speaking, α is not the income growth rate, which measures the expected percentage change of income. However, a slightly more complicated mathematical analysis will arise if we use the logarithmic specification for the income process. Since the objective here is to deliver the economic insights in a simple but intuitive way, I will keep the analysis as tractable as I can. Assuming an arithmetic Brownian motion instead of a geometric Brownian motion (associated with the logarithmic specification) simplifies the analysis.
6 See Deaton (1992) for thorough discussions of the permanent income literature using the linear income models, which include (3) as a special case. See Hansen and Sargent (2005) for an extensive treatment of linear economic models, which include the permanent-income models as an important class of applications. 6 proves convenient in discussing the model's implications on precautionary saving. However, the definition of human wealth given in (5) makes no adjustment to account for income risk.
The key in (5) is the agent's information set F t . In standard incomplete-markets consumptionsaving models, the agent has complete information about his income process. That is, the agent knows both his income generating process and the parameters that governs his income process, such as the income drift parameter α. I summarize the complete-information benchmark case in Section 3. Unlike the complete information case, the main focus of this paper is the one in which agent's information set F t does not contain the true, but unknown income drift parameter α. For example, few workers know their true income earnings potential at early stages of their career. Not many college graduates have accurate assessments of their long-term earnings profile. In these fundamentally important individual decision problems, learning about the key parameters such as the income growth is naturally crucial to understand these problems.
To summarize, the agent maximizes his utility given in (1) subject to his exogenously endowed stochastic labor-income process (3), his wealth accumulation process (2) and the corresponding transversality condition specified in the appendix. The key variation across the two versions of the agent's optimization problem is the agent's information structure with respect to his income growth rate α.
A Benchmark Model with a Known Constant Growth Rate
When the agent knows the true value of his constant income growth rate, the agent faces a standard self insurance (income fluctuation) problem. Therefore, only wealth x and income y will enter the value function V (x, y). By the principle of the optimality, we may write down the following Hamilton-Jacobi-Bellman (HJB) equation for the value function V (x, y):
The left side of (6) is the flow measure of his value function. The right side of (6) 
where
Using the definition of human wealth (5), we may equivalently write the optimal consumption rule (7) as follows:
when human wealth h defined in (5) is then given by
Note that the definition of human wealth (5) does not take the risk factor into account and thus the formula (10) only depends on drift α, not volatility σ. The consumption rule (9) is the continuous-time counterpart of Caballero (1991) and is a special case of the continuous-time consumption-saving model in Wang (2005) . Friedman's PIH may be obtained by setting risk aversion to zero (γ = 0) in (9). The corresponding PIH rule is then given by c * t = r (x t + h t ), which implies that consumption is a martingale: E t (c t+1 ) = c t (Hall (1978) ).
When the agent has precautionary motive (γ > 0), then he shades his consumption away from the certainty-equivalent PIH rule. We may measure precautionary saving demand by using h − g (y; α) = γσ 2 /(2r 2 ), the gap between g (y; α) in (8) and human wealth h. Intuitively, precautionary saving demand increases with income volatility σ and also with risk aversion γ.
Next, I consider the case with an unknown growth rate α, and study the effect of learning about the growth rate α on the agent's consumption-saving decision.
A Model with an Unknown Constant Growth Rate
First consider the agent's belief updating process.
Updating the belief. To incorporate the agent's learning about his income drift (growth rate) in a simplest possible way, I assume that his unknown but constant growth rate α can either takes a high value α 1 or a low value α 2 < α 1 . The agent's time-t information set F t only contains the history of his income {y s : s ≤ t}, not the true value of α. Let p t denote his time-t belief that the growth rate is of the higher value α 1 , in that p t = Prob (α = α 1 |F t ) .
This binary process has been widely used in economics including applications in game theory, finance, investment, and labor economics. For example, Bolton and Harris (1999) use this process to model the growth rate of payoffs from the risky projects in their study on strategic experimentation. Veronesi (2000) models the unobservable dividend growth rate with such a binary stochastic process in his analysis of equilibrium asset market prices. Cagetti et al. (2002) uses this process to model the growth rate of the output growth rate in their study on the role of model uncertainty on asset pricing and stochastic growth. Decamps et al. (2005) uses this binary process to describe the growth rate for the firm's investment opportunity in an investment model. 7 Moscarini (2005) uses this process to model the match quality in a job search-matching model, when the worker faces incomplete information. 8 I first construct the innovations process B that drives the dynamics of his posterior belief.
Let μ denote the expected growth rate of the income process. By definition, the expected growth rate μ is a weighted average of the two possible income growth rates, in that
where δ = α 1 − α 2 is the difference between the two possible values of α. Consider a given small time period Δt. The associated change of income is then given by y t+Δt − y t . Out of this total change, μ t Δt is the expected change. Therefore, by definition, the unanticipated change is given by (y t+Δt − y t − μ t Δt). Normalizing for the corresponding volatility σΔt gives the standardized innovation:
1 σΔt (y t+Δt − y t − μ t Δt). Taking the limit gives the following Brownian motion as the innovations process that will be used in the Bayesian updating:
Note that there is only one shock in the model. Re-writing the innovations process (12) 7 See Dixit and Pindyck (1994) for a comprehensive treatment on investment under uncertainty via the real options approach.
8 Also see Jovanovic (1979) for pioneering work on learning and job search.
gives the following equivalent representation of the income process (3):
where the last equality uses the expression (11) for the expected growth rate μ t . The process (13) makes intuitive sense. The expected growth rate is μ and the volatility is σ for the innovations representation. The innovations representation (13) proves useful in deriving the agent's optimal consumption rule later. Next, I follow Liptser and Shiryayev (1977) and write down the dynamics of the posterior belief p t as follows:
where B is the Brownian motion process under the innovations representation and is given in (12). The Bayesian updating process (14) implies that the changes of belief are unpredictable.
This property may be understood by using the law of iterated expectation. Because the underlying unknown growth rate α is constant, we thus have a martingale process for μ in that
is thus also a martingale. The instantaneous volatility of the belief updating rule is symmetric in p and (1 − p) because the unobserved growth rate can only take two possible values: low or high. The greater the difference δ between the the high and low growth rates, the more volatile the belief updating process is. Moreover, (14) implies that a higher income volatility implies a less volatile belief updating process.
Deriving the optimal consumption rule. When the income growth rate α is unknown, the optimization problem is not Markovian with respect to the original information set F t , which only contains the history of income y. The Bayesian updating process (14) and the innovations-representation based income process (13) jointly convey the same information as the agent's original income process (3) and his prior about his income growth rate do. Therefore, we may thus transform the original non-Markovian optimization problem into a Markovian one. Namely, we may maximize the agent's utility function (1), subject to the innovationsbased representation of the income process (13), the belief updating process (14), his wealth accumulation equation (2), and the transversality condition specified in the appendix. Unlike the benchmark model of Section 3, learning implies that the belief p is also a state variable in addition to wealth x and income y.
Let J(x, y, p) denote the agent's value function. By the standard principle of optimality, we may write the agent's HJB equation as follows:
The left side of (15) is the annuity value of the value function. The right side of (15) is the sum of the instantaneous utility u(c) and the instantaneous expected change of J(x, y, p) (the remaining five terms). The agent optimally chooses consumption by equating the two sides of (15). The J yy term generates the standard income risk induced precautionary saving as in Caballero (1991) and Wang (2005) . The J yp term produces the precautionary saving demand due to the (perfect) correlation between the standard income risk and estimation risk. The perfect correlation is due to the fact that there is only one shock (via income) in the model.
Finally, the J pp term captures the convexity effect of belief on consumption to be discussed in detail later. The following proposition characterizes the model solution.
Proposition 2 If the income growth rate α is constant but is unknown to the agent, then the agent's consumption c * is given by
and f (p) solves the following non-linear ODE:
with the following boundary conditions
Consider the agent's consumption rule (16). The agent consumes the annuity value of the sum of three forms of wealth: financial wealth x, the certainty equivalent wealth g(y; α 2 ), and f (p). Note that g(y; α 2 ) is the agent's certainty equivalent wealth, when his income growth rate is known to be low (α = α 2 ). This term is the same as in the benchmark model of Section 3.
The third component f (p) in the consumption policy function may be viewed as the agent's certainty equivalent wealth due to the belief that his income growth rate may be high (p ≥ 0). 
Learning, Precautionary Saving, and Optimal Consumption
In this section, I use the results of Section 4 to study the effects of learning on the agent's precautionary saving and consumption, and focus on the properties of the consumption rule and intuition behind the results. I relegate the computational details in solving f (p) including near-boundary properties of f (p) to Appendix C.1. 9
A "reference" model for comparison. In order to quantify the effect of uncertain belief on consumption, I first construct a "reference" model where I control for the effect of expected growth on consumption. I fix the agent's income growth rate to be constant μ, where μ = pα 1 + (1 − p) α 2 = α 2 + δp, and p is the belief in the learning model that we are comparing to.
Using the solution for the complete information case treated in Section 3, we may immediately conclude that the agent's optimal consumption rule in the reference model is
wheref
9 I am grateful to Larry Shampine for his expert help on the numerical solutions of the differential equations.
and g(y; α 2 ) is given by (17). In this "reference" model, the agent only has precautionary saving demand induced by standard income volatility risk, given by h(y) − g(y; α 2 ) = γσ 2 /(2r 2 ), the same as in Section 3. The agent's consumption in this reference model is linear in belief p. It is worth noting that (22) is also the solution to the differential equation (18) 
now show that the convexity of J(x, y, p) in belief follows from the agent's optimality.
Consider the optimal consumption problem for an agent who has a lottery over his initial belief about his income growth rate α: The agent's belief p t = Prob (α(t) = α 1 |F t ) will either be q 1 with probability ω or q 2 with probability (1 − ω). The agent will find out whether his prior belief is q 1 or q 2 , before making his consumption decision at time 0. The rational agent will choose his contingent consumption plan based on the realized outcome of the lottery about his initial belief p 0 . Therefore, his value function will be either J(x, y, q 1 ) or J(x, y, q 2 ). Alternatively, the agent can suboptimally ignore the outcome of his lottery and form his consumption plan regardless of the realized initial belief. If he ignores the lottery outcome, his initial belief is thenq = ωq 1 + (1 − ω) q 2 , a weighted average of q 1 and q 2 , and hence his utility is then given by J (x, y,q) . The principle of optimality thus implies the following inequality:
Inequality (23) states that the value function is convex in belief. This is a standard result in information economics. In a single decision making context such as this one, more precise information allows the agent to better plan his decision and hence is more valuable. 10
One immediate implication of (23) 13 growth rate α is either high or low, and will hence form different consumption plans correspondingly. Using (16), we may equivalently express this inequality as follows: Intuitively, we also expect thatf (p) also lies strictly belowf (p), as seen in Figure 1 .
[Insert Figure 1 here.]
Learning induced precautionary saving. We may use the distance between f (p) andf (p)
to measure precautionary saving demand. Let l(p) denote such a distance, in that [Insert Figure 2 here.]
For the purpose of illustrating intuition, consider the case with small dispersion (γδ < r).
In Appendix A, I use Taylor expansion to show that the first-order approximation of learning-14 induced precautionary saving l(p) demand is given by
Note that the leading term in l(p) is due to the (perfect) correlation between the standard income volatility induced risk and the estimation risk. This is the term captured by (26). The agent with a higher coefficient of risk aversion γ has stronger learning induced precautionary savings demand. A larger dispersion δ implies greater learning induced precautionary saving.
Next, I extend the analysis by allowing the agent's income growth rate to be stochastic, and analyze the effects of the agent's learning on his consumption.
Self Insurance with Learning about Stochastic Growth
Both empirical evidence and casual observations suggest that the income growth rate often changes over time. These changes may be due to either systematic shocks or idiosyncratic shocks to the agent's earnings ability. For example, the income growth rate may reflect the expected changes of the agent's marginal productivity of labor, which may be subject to both systematic and idiosyncratic shocks. Motivated by these considerations, I extend the analysis to allow for the income growth rate α to vary stochastically over time. When extending the model to allow for stochastic growth, I show that both the agent's expected change and the volatility of his belief updating process play an important role in his consumption-saving decisions.
A Regime Switching Model For the Stochastic Growth Rate
I deliver the stochastic growth feature of the income process in a way that keeps the model as close as possible to the one in previous sections. Instead of assuming that the (unobserved) growth rate is constant over time, I allow the growth rate α to vary over time between the two possible values α 1 and α 2 . In a similar but different setting, Kimball and Mankiw (1989) models the "level" of income, rather than the growth rate (drift) of the income process stochastically switch between a finite number of states. 11
Consider a small time period Δt. Assume that the conditional transition probability matrix is given by
The above transition matrix is a discrete time representation of the continuous-time regimeswitching model used in the paper. 12 That is, if the growth rate is high at time t, i.e.
(α(t) = α 1 ), then with probability (1 − λ 1 Δt), the growth rate remains at the higher value α 1 at time (t + Δt), and with the remaining probability λ 1 Δt, the growth rate takes the lower value α 2 at time (t + Δt). Similarly, λ 2 Δt is the transition probability from regime 2 (low growth rate α 2 ) to regime 1. The implied stationary (long-run) probabilities over the two regimes for the income growth rate are then given by
That is, the agent's income growth rate is high for φ 1 fraction of time and is low for the remaining φ 2 fraction of time. If the intensity of transiting from the high to the low growth rate is larger than the intensity of transiting from the low to the high growth rate (λ 1 > λ 2 ), then unconditionally, the growth rate is more likely to be low (φ 1 < φ 2 ).
I now proceed to analyze the impact of learning about the stochastic growth rate on the agent's consumption-saving decisions. I first study the benchmark case with known stochastic growth rate and then solve the model with unknown stochastic growth rate and compare the model's implications with the benchmark case.
Benchmark Case: Known Stochastic Growth Rate
When the agent observes his income growth rate, he not only takes wealth x and income y, but also his current income growth rate as an additional state variable in his optimization problem.
Let V (x, y, 1) and V (x, y, 2) denote the value function when his current income growth rate is high and low, respectively. When the current income growth rate is high, the principle of optimality implies that the agent's HJB equation is given by
12 See Hamilton (1989) for the regime-switching model and its econometric analysis in discrete time.
Similar to the HJB equation (6) for the case with a constant growth rate, the left side of (29) is the annuity value of his value function. The right side of (29) is the sum of his instantaneous utility u(c) and the instantaneous expected change of his value function. The last term in (29) reflects the effect of the stochastic transition of his income growth rate on the expected change of his value function. We may write down a similar equation for V (x, y, 2). I solve these two HJB equations simultaneously and derive the optimal consumption rules in the appendix. The following proposition characterizes the solution details.
Proposition 3 If the income growth rate α is stochastic and is known to the agent, then the agent's consumption rule C(x, y, n) is given by the following policy function:
where g(y; α n ) is given in (8) and {m 1 , m 2 } jointly solve
First consider the PIH rule under this setting. As in previous sections, consumption is given by the annuity value of the sum of financial and human wealth. Unlike previous analysis, the optimal consumption rule now varies with the level of the income growth rate. When income growth rate is high (α = α 1 ), the optimal consumption rule is then given by
where h(y, 1) is the human wealth under high income growth rate (α = α 1 ) and is given by
The last term in human wealth (34) reflects the mean reversion effect of the growth rate on human wealth. Note that human wealth h(y, 1) decreases in the transition intensity λ 1 and increases in λ 2 . Intuitively, if the growth rate is more likely to leave the high value α 1 or less likely to enter the low value regime α 2 , human wealth is higher, ceteris paribus. In order to compute human wealth when the growth rate is high (α = α 1 ), I need to solve the respective human wealth when the growth rate is low (α = α 2 ). Appendix B provides details. As in previous sections, we may also derive the PIH by appealing to the certainty equivalent rule.
Setting γ = 0 in Proposition 3 also gives the PIH rule (33).
Without loss of generality, the agent's consumption rule (30) under high income growth may be expressed as follows:
where h(y, 1) is human wealth under high income growth given in (34), and π * 1 , by definition, is the corresponding precautionary saving demand. To understand the intuition behind the precautionary saving, consider the following approximation of the consumption rule:
Appendix A provides the details for the above approximation. The implied precautionary savings demand π * 1 is then given by π * 1 = γσ 2 / 2r 2 + l * 1 , where
In addition to the standard first-order precautionary term γσ 2 /(2r 2 ) as in the complete information benchmark model of Section 2, we have a second component of precautionary saving demand l * 1 due to stochastic growth. A larger dispersion δ implies a stronger precautionary saving demand, ceteris paribus. Similarly, precautionary saving demand l * 2 due to stochastic growth when the current rate is high is then given by
The consumption rule (36) captures both the first-moment effect of the stochastic growth rate on human wealth (34) and the precautionary saving effect associated with the stochastic transition of the growth rate from the high to the low level.
Having analyzed the case with a known stochastic income growth rate, I now turn to the setting where the agent does not observe his underlying stochastic income growth rate.
A Model with an Unknown Stochastic Growth Rate
I first present the updating process for the belief about his stochastic income growth rate, then derive the consumption rule, and finally analyze the model's prediction and intuition.
Updating the belief. With stochastic and unknown growth rate, we may follow Liptser and Shiryayev (1977) and write down the belief process as follows:
where B is the innovations process constructed from the observed income process and is given in (12). The diffusion component of the updating process (39) is similar to that in (14), the updating rule for the case with a constant growth rate in Section 4. Unlike (14), the updating rule (39) also has a non-zero drift (expected change) component of his belief dynamics.
For the case with an unknown constant growth as in Section 4, the two ends of the belief (p = 0 and p = 1) correspond to the complete resolution of belief uncertainty. Therefore, we may obtain the natural boundary conditions (19) and (20) in Proposition 2 by using the results in the benchmark model with a constant known growth rate of Section 3. When the growth rate is stochastic, belief will be updated even when p = 0 or p = 1. For example, when p = 0, the belief is updated with a positive drift, in that dp t = λ 2 dt. Intuitively, even if the agent knows that his current income growth rate is α 2 for sure (p = 0), his income growth rate may still possibly change to α 1 over the next time interval with an intensity of λ 2 .
To better understand the intuition behind the drift term in (39), consider a small time period (t, t + Δt). Note that
where the first equality follows from the law of iterated expectation, and the second equality uses the fact that the stationary probability φ 1 is given by φ 1 = λ 2 / (λ 1 + λ 2 ). Since μ t = α 2 + δp t , (40) implies that (λ 1 + λ 2 ) (φ 1 − p t ) is the instantaneous expected change of the belief process p, which is confirmed in (39). Intuitively, when belief p t is larger than the stationary probability φ 1 , then p t is moving downward on average. I now turn to the consumption rule.
Deriving the optimal consumption rule. As in the learning model with a constant growth rate, there are three state variables: wealth x, income y and belief p. Let J(x, y, p) denote the agent's value function. By the principle of optimality, his HJB equation is given by
The HJB equation (41) is similar to (15), the one for the case with an unknown constant growth rate. However, unlike (15), the HJB equation (41) 
where g (y; α 2 ) is given by (17), and f (p) solves the following non-linear ODE:
. (43) Similar to the differential equation (18) for the learning model (with an unknown constant growth rate) of Section 4, the differential equation (43) may also be viewed as a valuation equation for the certainty equivalent wealth f (p). The first three terms on the right side of (43) are the same as those on the right side of (18). The new term in (43), but not (18) is the last term on the right side, which captures the non-zero drift effect of the belief updating process (39) on f (p). This learning-induced drift term has important implications on precautionary saving demand to be analyzed later.
Unknown stochastic growth, permanent income, and precautionary saving. First consider the permanent income hypothesis. Consumption is given by C(x, y, p) = r (x + h(y, p)) ,
where Appendix B shows that human wealth h(y, p) for this learning case is given by
Figure 3 plots f 1 (p)δ, the "belief" component of the human wealth h(y, p) given in (44), for various levels of λ 1 and λ 2 . Figure 3 shows that a higher value of λ 1 lowers f 1 (p) and hence h(y, p), because the growth rate is more likely to decrease from α 1 to α 2 . On the other 20 hand, a higher value of λ 2 increases f 1 (p), ceteris paribus, because the growth rate is more likely to increase from α 2 to α 1 . To summarize, stochastic growth has a first moment effect on consumption via its effect on human wealth.
[Insert Figure 3 here.]
The persistence of the income growth rate not only affects human wealth, it also affects precautionary saving demand. Appendix A shows that consumption is approximately given by
where f 1 (p) is given by (45) and (46) and g(y; α 2 ) is given in (17). Note that f 2 (p) is convex with f 2 (0) < 0 and f 2 (1) < 0, we thus have f 2 (p) < 0. Let π denote the agent's total precautionary saving demand, in that
Using (44), we may conclude that π t is given by
As for the case with an unknown constant growth rate of Section 4, (47) states that the total precautionary saving demand π is given by the sum of the standard income volatility induced precautionary saving (the first term in (47)) and uncertain growth induced precautionary saving l(p). The term l(p) describes the total effect of stochastic growth on precautionary saving when the agent does not know his income growth. Note that l(p) contains all the effects of stochastic growth on precautionary saving, which includes both the uncertain growth induced precautionary saving (even if the current growth rate is known to the agent) and the learning induced precautionary saving.
In order to understand learning induced precautionary saving, I first analyze l(p) at the two ends of the beliefs (p = 0 and p = 1). From (46), we may write l(1), precautionary saving when the current income growth rate is α 1 as follows:
21 Now compare the above precautionary saving demand to the case in Section 6.2, where the agent faces stochastic growth, but knows his growth rate. Recall that (37) characterizes l * 1 , the precautionary saving demand induced by stochastic growth under complete information. We may re-write (49) in terms of l * 1 as follows:
The above inequality states that precautionary saving induced by stochastic growth is larger under incomplete information than under complete information. The gap between l(1) and l * 1 may be viewed as learning induced precautionary saving when the current growth rate is high (p = 1). Similarly, we may derive essentially the same result for the case where p = 0. Now turn to the effect of transition probabilities on l(p) for 0 ≤ p ≤ 1. Figure 4 
plots l(p)
for various combinations of λ 1 and λ 2 . When λ 1 = 0, the high growth rate regime is absorbing.
That is, once the growth rate ever changes to the high value α 1 , the agent then lives in the benchmark economy of Section 2 with growth rate α 1 . As a result, there is no estimation risk [Insert Figure 4 here.]
A Model with Hedging Opportunities
I now extend the learning model with stochastic growth in Section 6 to the setting where the agent may invest in the risky asset to partially hedge against his income risk and estimation risk.
I show that hedging has a significant effect on the agent's consumption and saving decisions.
22
Let {S t : t ≥ 0} denote the market portfolio value process. Let the instantaneous return on the market portfolio be given by:
where ζ is the market risk premium, ν is the volatility of the market return, and W is a standard Brownian motion. Equation (51) implies that the market return is independently and identically distributed. Let η = ζ/ν > 0 denote the Sharpe ratio of the market portfolio. Let ψ denote the amount of wealth in units of consumption goods that the agent allocates to the market portfolio. The agent's wealth dynamics is then given by
The agent chooses his consumption process c and portfolio allocation ψ to maximize his utility given in (1) subject to his exogenously endowed stochastic labor-income process (13), his belief updating process (39), his wealth accumulation process (52) and the corresponding transversality condition specified in the appendix.
The principle of optimality implies that the value function J(x, y, p) solves:
In addition to the terms in the HJB equation (41), (53) 
where the constant term g 0 , the hedging demand HD t , and f (p) are given by
Hedging demand and the portfolio allocation. Consider the agent's portfolio allocation rule ψ given in (55). The first term reflects the mean-variance investment rule for a CARA utility agent as in Merton (1971) . The second term in (55) is the hedging demand. Depending on the sign of the correlation between the risky asset return and the agent's labor income, the agent may partially hedge against his income fluctuation by taking additional long/short positions beyond the mean-variance term as in Merton (1971) . Since labor income y and belief p are perfectly correlated, the correlation between the risky asset return and belief is also equal to ρ, the correlation between the risky asset return and labor income.
The first term in (57) is the hedging demand against labor income. This term is the same as in Svensson and Werner (1993) and Davis and Willen (2000) . A higher income volatility σ induces a higher systematic volatility ρσ (for a fixed correlation coefficient ρ), and hence more hedging demand, ceteris paribus. Unlike the constant hedging demand against labor income fluctuations, the hedging demand with respect to the evolution of his posterior belief is stochastic. This hedging demand against estimation risk depends on both the time-varying volatility σ −1 δp(1−p) of the agent's belief updating process (39) and the sensitivity of certainty equivalent wealth with respect to belief, f (p).
It is worth noting that the hedging demand formula (57) implies that income volatility σ has two opposite effects on the agent's hedging demand. On one hand, a higher income 24 volatility increases the agent's hedging demand via the standard hedging argument against income volatility. On the other hand, past incomes from a more volatile income process provides less accurate information about the unknown stochastic growth, and hence the agent updates his belief less in response to news. Therefore, a higher income volatility σ lowers the estimation risk, (the instantaneous volatility for belief updating is δσ −1 p (1 − p)), which in turn lowers the agent's hedging demand, ceteris paribus.
Using the first order approximation of f (p) ≈ f 1 (p)δ where f 1 (p) is given in (45), I show that the first-order approximate hedging demand is given by Figure 5 plots the hedging demand HD given in (59) for various levels of volatility σ, holding belief p and other parameters fixed. When volatility is small, hedging against estimation risk is more significant than hedging against income volatility induced shock. When volatility is large, then hedging demand against the standard income risk becomes more important, and therefore total hedging demand in turn increases with volatility.
[Insert Figure 5 here.]
Hedging demand against estimation risk approaches zero when his belief approaches either 0 or 1. This is because belief updating becomes locally deterministic around p = 0 or p = 1, and hence no (local) estimation risk and no hedging demand against learning at the two ends.
For example, when p = 1, then the agent's belief is either deterministically decreasing away from unity because of stochastic growth (λ 1 = 0), or permanently staying at unity (λ 1 = 0).
Second, hedging demand against estimation risk (to the first order) depends on p (1 − p). This is intuitive because the estimation risk is larger in the interior region (particularly around 1/2).
The effect of hedging on the optimal consumption rule. Now turn to the agent's consumption rule (54). The agent's consumption is given by the annuity value of the sum of four components: x, y/r, the constant term g 0 and f (p). Consider the constant term g 0 . Since the risky asset on average offers a higher expected return, the forward looking agent will thus invest some positive amount of his wealth in the risky asset, and hence raises his future wealth on average and hence his current consumption level, ceteris paribus. This enhanced wealth effect 25 on consumption is reflected in the first term η 2 /(2γr) in (56), the same as in Merton (1971) .
The second term in (56) adjusts the agent's income growth rate from α 2 to (α 2 − ρση) to reflect the standard effect of hedging income risk on consumption. The last term shows that only the idiosyncratic volatility 1 − ρ 2 σ y (after hedging) matters for the agent's precautionary saving motive. When ρ = 0, all income volatility is idiosyncratic and there is no hedging demand.
When ρ = ±1, all income volatility is systematic, complete hedging is feasible and hence the last term in (56) vanishes. Now turn to f (p). The differential equation (58) characterizes f (p), when the agent also has hedging opportunities. In addition to the effects described by the differential equation (43) (58) becomes (43), as expected.
For the purposes of illustrating intuition on the effect of investing in the risky asset on consumption, consider the approximate consumption rule c * t ≈ r x t + y/r (45) and
Appendix A provides details for the above approximation.
The first belief related term f 1 (p)δ in the consumption rule captures the PIH implied consumption smoothing motive. The second term f 2 (p)δ 2 captures both the precautionary saving and hedging effect on consumption. Unlike the case with a risk-free asset only in Section 6, f 2 (p) may be either positive or negative, since f 2 (p) has a hedging effect in addition to the precautionary saving effect. The hedging effect arises because of the correlation between the market portfolio and the estimation risk.
The precautionary saving effect always lowers the agent's consumption, ceteris paribus. In the presence of hedging opportunities, a higher absolute value of correlation |ρ| lowers the idiosyncratic component of estimation risk, as manifested by γ 1 − ρ 2 terms in (58). When ρ < 0, hedging tilts the agent's position in the risky asset towards a long position. This on average raises the agent's wealth since the risky asset on average offers a higher expected return (η > 0). Therefore, when ρ < 0, an increase in the absolute value |ρ| increases f 2 (p) and hence consumption, ceteris paribus. When ρ > 0, an increase in ρ on one hand lowers the idiosyncratic estimation risk and hence increases consumption. On the other hand, it tilts the agent's position in the risky asset towards a short position, and hence lowers both the expected wealth and current consumption. These two forces work in the opposite direction. Figure 6 plots f 2 (p)δ 2 with respect to the correlation coefficient ρ, holding belief p fixed at 1/2 for two levels of the market risk premium η. The solid and dashed lines correspond to the case with the higher and the lower risk premium η, respectively. The two curves intersect at the point when ρ = 0. This is consistent with the intuition that in the absence of hedging motive, the market premium η is irrelevant for consumption. Figure 6 shows that for both levels of risk premium η, f 2 (p) and thus consumption decrease in ρ, when ρ < 0. An increase in |ρ| lowers idiosyncratic risk and hence lowers precautionary saving. An increase in |ρ| when ρ < 0 increases the loading in the risky asset, which on average increases wealth and hence current consumption. When ρ > 0, these two forces work in opposite directions. An increase in ρ lowers idiosyncratic risk and hence lowers precautionary saving. An increase in ρ when ρ > 0 decreases the loading in the risky asset, which on average decreases wealth and hence lowers current consumption. Intuitively, when the risk premium η is greater, the hedging effect on wealth is stronger. This is consistent with the two curves depicted in Figure 6 . The solid curve, which corresponds to the case with a higher market premium η, is globally decreasing in ρ. The dashed curve, which corresponds to the case with a lower market premium, is inversely humped shaped. Intuitively, when ρ is sufficiently large, then the reduction of precautionary saving motive may be sufficiently strong to compensate for the loss of wealth due to the short position for the purpose of hedging, particularly when the market risk premium is not too high (the dashed curve).
Conclusions
This paper studies the effect of unknown income growth rates on consumption-saving and portfolio choice decisions when income shocks are not fully insurable. When the agent does not know his income growth rate, he rationally estimates it and induces uncertainty in the updating 27 process. I show that this estimation risk generates precautionary saving demand in addition to the standard income risk induced precautionary saving. When the agent can also invest in risky assets, he will then partially hedge against both income risk and estimation risk. On one hand, a higher income volatility induces a greater hedging demand against income shocks, ceteris paribus. On the other hand, a higher income volatility induces a less volatile updating and hence a lower estimation risk, which in turn suggests that the agent's hedging demand with respect to the estimation risk may decrease with income volatility. Therefore, the total hedging demand depends on the relative magnitude of the two forces.
The main objective of this paper is to study the effects of incomplete information about the income growth rate on his consumption and portfolio allocations, when the agent's income shocks are not insurable. In order to deliver this intuition in a simplest possible way, I have intentionally chosen the CARA utility for technical convenience. While analytically convenient, this utility specification ignores the wealth effect on consumption and portfolio allocation rules.
The natural next step is to extend our analysis to settings with iso-elastic utility, which contains the wealth effect and hence allows us to make quantitative assessments on the role of learning about income growth on the agent'consumption and portfolio allocation rules.
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Appendices
A Proofs
I provide the proofs for various propositions and approximations used in the paper.
Proof of Proposition 1. Conjecture that the value function takes the following exponentialaffine form:
where g(y) is a function to be determined. The first-order condition (FOC) for the HJB equation (29) is u (c) = V x (x, y). Plugging the implied consumption rule,
It is straightforward to verify that equation (8) The first derivatives are
Using the formulae from the conjecture, I may simplify the HJB equation (15) as follows:
Note that in general, the above equation is difficult to solve because of the interaction between g (y) and f (p) terms. Nonetheless, we may conjecture that g (y) is linear in y as given in (17), based on earlier work on precautionary saving model with known drift (Caballero (1991) and Wang (2005) 
Plugging the above approximation into (18) and keeping the terms up to δ 2 give
Substituting the above into (18) gives
We may continue the Taylor expansion to derive higher order approximations for f (p).
Proof of Proposition 3. I derive the optimal consumption rule using dynamic programming and then verify the transversality condition implied by the policy function.
I conjecture that the value function V in regime n takes the following exponential-affine form:
where k n (y) is a regime-dependent function to be determined. The FOC for the HJB equation y, n) into the HJB equation (29) for both regimes then gives the following coupled differential equations (A.9) and (A.10) for k 1 (y) and k 2 (y): Conjecture that g (y) is linear in y as given in (8). Plugging (8) This figure plots hedging demand HD with respect to volatility σ, holding belief p fixed at 1/2. Other parameters are set at λ 1 = 0.1, λ 2 = 0.1, risk aversion γ = 1.5, market return volatility ν = .3, δ = .0225. and interest rate r = 4%. The hedging demand includes both income risk and estimation risk components. While income risk increases with volatility σ, estimation risk decreases with σ. When σ is at the lower levels, the income risk is less significant than the estimation risk. Hence, total hedging demand decreases in σ. When volatility σ becomes sufficiently large, the standard hedging demand for income risk becomes more important and hence overall the hedging demand starts to increase with σ. Figure 6: The "learning" component f 2 (p)δ 2 of the consumption rule with respect to the correlation coefficient ρ. Other parameters are set at λ 1 = 0 and λ 2 = 0.02, γ = 1, σ = .2, and η = .5. The belief is fixed at 1/2. When ρ < 0, an increasing in |ρ| decreases precautionary motive and also increases the loading in the market portfolio. Both motives raise current consumption. This is consistent with the downward sloping feature of both dashed and solid curves over the range of ρ < 0. When ρ > 0, an increasing in |ρ| decreases precautionary motive, but also decreases the loading in the market portfolio. The former raises consumption, but the latter lowers consumption. The net results depends on the relative magnitude. When the market premium is sufficiently large, the latter effect may dominate.
